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Abstract. A class of examples of Riemannian metrics with holonomy G 2 on compact 
7-manifolds was constructed by the author in |Koj using a certain 'generalized connected 
sum' of two asymptotically cylindrical manifolds with holonomy SU(3). We consider, on 
each of the two initial SU (3)-manifolds, a fibration arising from a Lefschetz pencil of K3 
surfaces. The gluing of two such K3 fibrations yields a coassociative fibration of the con- 
nected sum G2-manifold over a 3-dimensional sphere. The singular fibres of this fibration 
are diffeomorphic to K3 orbifolds with ordinary double points and are parameterized by a 
Hopf-typc link in S 3 . We believe that these are the first examples of fibrations of compact 
manifolds of holonomy G2 by coassociative minimal submanifolds. 



Introduction 

It is well-known that if a K3 surface contains an elliptic curve then this elliptic curve 
has self-intersection zero and is a fibre of a holomorphic fibration of the K3 surface over 
the Riemann sphere. The self-intersection number is calculated by the adjunction for- 
mula and the elliptic fibration is defined by a pencil containing the elliptic curve (see |Hal 
Propn. 11.1]). All but finitely many fibres of this fibration are smooth and are minimal 
submanifolds with respect to a Kahler metric on the ambient K3 surface. Moreover, by 
the Wirtinger theorem the fibres are volume-minimizing in their homology class. Harvey 
and Lawson [HL] generalized the volume-minimizing property of complex submanifolds 
of Kahler manifolds by developing a concept of calibrated minimal submanifolds of Rie- 
mannian manifolds. One type of examples of calibrated submanifolds found in [HLj is the 
coassociative submanifolds. These are four- dimensional submanifolds which occur in the 
Euclidean M. 7 and, more generally, in 7-dimensional Riemannian manifolds with holonomy 
contained in the Lie group G2 (see §[]] for precise definitions). 

McLean |McL] studied the deformation theory for calibrated submanifolds. In partic- 
ular, he showed that local deformations of a smooth compact coassociative submanifold 
X are always unobstructed and the corresponding 'moduli space' is a smooth manifold of 
dimension b + (X), the positive index of the cup-product on H 2 (X). (This corresponds to 
the negative index in the actual statement of [McLl Theorem 4.5] as we use a different sign 
convention for the G^-structures.) If b + (X) = 3 then, under some reasonable additional 
assumptions, the local coassociative deformations of X give a local foliation. This natu- 
rally leads to a conjecture that some compact 7-manifolds with holonomy G2 are fibred by 
coassociative submanifolds, possibly with singular fibres. Joyce |Joll IJo2] constructed first 
examples of compact 7-manifolds with holonomy G2, or GVnianifolds; his results include 
examples of compact coassociative calibrated submanifolds obtained by carefully chosen 
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orientation-reversing involutions. Later the author gave a series of topologically different 
examples of compact G 2 -manifolds using a 'generalized connected sum' construction |Koj , 
see also |KLe] . It is also shown in [KNj that one of the G^-manifolds obtainable as in |KLej 
is a deformation of a G 2 -manifold constructed in [Jolj . The purpose of this paper is to 
construct coassociative fibrations of the GVnianifolds obtained in |Kot IKLej . A generic 
fibre of these fibrations is diffeomorphic to a K3 surface. To the author's knowledge, these 
are the first examples of fibrations of compact smooth manifolds with holonomy G 2 by 
coassociative minimal submanifolds. 

Further motivation for this paper comes from similarities between coassociative sub- 
manifolds of G2- m anifolds and special Lagrangian submanifolds of Calabi-Yau manifolds. 
Special Lagrangian submanifolds are another instance of calibrated submanifolds appear- 
ing in |HLj with unobstructed deformation theory established in [McLj . There are further 
similarities. For both types of compact calibrated submanifolds, the 'number of mod- 
uli' of the local deformations is given by some Betti number of the submanifold. Special 
Lagrangian submanifolds attracted much interest in recent years in connection with the 
SYZ conjecture jSYZ] which explains mirror symmetry between Calabi-Yau threefolds. 
The SYZ conjecture was motivated by studies in string theory and inspired works on the 
mirror symmetry for G^-manifolds admitting coassociative fibrations [Ac\ IGYZj . A part 
of the SYZ conjecture asserts that some Calabi-Yau threefolds whose complex structures 
are close to a certain degenerate limit (the so-called large complex structure limit) admit 
fibrations by special Lagrangian tori. This may be compared to the requirement that in 
order to construct coassociative fibrations in this paper we assume that the torsion-free 
GVstructure on a compact 7-manifold M corresponds to a point near the boundary of the 
moduli space for torsion-free GVstructures. (This boundary point is represented by a pair 
of asymptotically cylindrical manifolds used in the construction of M; this is made precise 
in jNJ § 5].) More explicitly, a connected sum G^-nianifold should have a 'sufficiently long 
neck' (as measured by the parameter T in the Main Theorem). 

On the other hand, there is a difference concerning properties of the singular fibres. It 
was shown in [Jo3j that generic fibrations of Calabi-Yau threefolds by special Lagrangian 
tori are piece-wise smooth and only continuous along the loci of the singular fibres which 
occur in families of codimension one. The coassociative fibrations constructed here are 
smooth and are continuously differentiable (more precisely, C 1,a ) at the singular fibres. 
The fibres develop singularities modelled on ordinary double points in the holomorphic 
deformation families of K3 surfaces, and the singular fibres occur in families of codimension 
two, parameterized by a Hopf-type link in S 3 . This type of coassociative fibration survives 
under small perturbations of the ambient G^-structure, defined by closed 3-forms. 

The latter property is crucial as our construction of the coassociative fibrations relies 
on perturbative analysis, in the form of implicit function theorem in Banach spaces. In 
fact, we build up on the gluing construction of GVmetrics in |Koj and initially construct 
an 'approximating fibration' whose fibres are coassociative with respect to a GVstructure 
with small torsion. Some familiarity with |Ko] is therefore required and we include in §|2] 
a review of the relevant details before stating the main result and explaining the strategy 
of the proof in §|3j The strategy requires, as a preliminary step, an extension of McLean's 
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deformation theory to coassociative K3 orbifolds which we carry out in §H Appropriate 
deformation and stability result was recently proved by Lotay [Lo3j. With the deformation 
set-up in place, we proceed to an implicit function argument for coassociative K3 orbifold 
fibres in £0 and complete the construction in £J7] which deals with the smooth fibres. 

Acknowledgements. I am grateful to Simon Donaldson, Dominic Joyce and Miles 
Reid for helpful discussions on aspects of this project. I also thank Dominic Joyce for 
valuable comments on an earlier version of this paper. 

1. G 2 -STRUCTURES AND COASSOCIATIVE SUBMANIFOLDS 

We give a short summary of some standard results concerning the Riemannian geom- 
etry associated with the group G 2 and coassociative submanifolds associated with the 
(^-structures. The results given in this section are mostly gathered from [Brl IHL| IJo2l 
IMcL[ ISaj and the reader is referred there for further details. 

The group G2 may be defined as the group of automorphisms of the cross-product 
algebra on IR 7 interpreted as the space of pure imaginary octonions. As the octonions form 
a normed algebra, any automorphism in G2 necessarily preserves the Euclidean metric and 
orientation of IR 7 . The cross-product can be encoded as an anti-symmetric 3-linear form ipo 
on R 7 defined by ip (a,b,c) = (a x b, c), where (-, •) denotes the Euclidean inner product. 
The 3-form (p and its Hodge dual *(fo are explicitly expressed as 

^0 — Ci23 + Ci45 + ei67 + ^246 — ^257 — 6347 — 6356, 
*V 9 — e 4567 + e 2367 + ^2345 + e 1357 — ^1346 — ei256 — 612475 

where e^...^ = A . . . A and e« G (IR 7 )*, i = 1, . . . , 7 is the standard orthonormal 
co-frame. The group G2 may be equivalently defined as the subgroup of the orientation- 
preserving linear isomorphisms GL + (7, IR) fixing ip or the subgroup of GL + (7, IR) fixing 
*(fo, in the action on, respectively, 3- or 4-forms. The group G2 is a compact Lie group of 
dimension 14 and thus a proper subgroup of SO (7). 

Let M be a smooth oriented 7-manifold. Denote by Q^_(M) the subset of 3- forms <p 
on M whose value <p(p) at any point p G M can be identified with (po via some orientation- 
preserving linear isomorphism T p M — > IR 7 . Any (p G Q+(M) induces a GVstructure on M; 
we shall sometimes, slightly inaccurately, say that if is a, GVstructure. The GL(7, R)-orbit 
of (fo is open in A 3 (IR 7 )*, so the subset f^(M) C Q 3 (M) is open in the uniform norm 
topology. As G 2 C SO (J) any ip G Q+(M) induces a metric g(<p) and an orientation of M, 
so that the image of ei, . . . , e-j via the isomorphisms T P M — > IR 7 identifying ip p with ipo is 
an orthonormal positive co-frame at each p G M. The 4-form * ip ip on M defined using the 
Hodge star of the metric g(<p) is, in a similar sense, point-wise isomorphic to *ipo i n (11-1 1) • 

The metric g(<p) induced by a G 2 structure tp G Q+(M) will have holonomy contained 
in G2 if and only if 

d<p = 0, d*^ = 0, (1.2) 
the G2-structure (p then is said to be torsion-free. Conversely, if the holonomy of a metric 
g is contained in G2 then there is a <p> G Q+(M) satisfying fll.2p so that g = g((p). [Sal 
Lemma 11.5] The pair (M,ip) then is called a G2-manifold and a metric g(<p) induced by 



4 



A. KOVALEV 



a torsion- free G^-structure on a 7- manifold M is called a G2-metric. On a compact M, 
the holonomy of a G 2 -metric is exactly G 2 if and only if the fundamental group of M is 
finite O Propn. 10.2.2]. 

Now we recall the concept of coassociative submanifolds. Any 4-tuple of orthogonal unit 
vectors t>i, t>2, t>3, t>4 G M 7 satisfies the inequality 

* <Po(vi,V2,v 3 ,V4) < 1. (1.3) 

If the equality in attained in (11.31) then the oriented 4-dimensional subspace of IR 7 defined 
by v%,V2, t>3, t>4 is called a coassociative subspace. More generally, if M is a 7-manifold and 
ip G fi+(M) is a (^-structure form then any oriented 4-dimensional submanifold X C M 
satisfies 

=*V<^U<vol x , (1.4) 
in the sense that *<pp\x = ctvolx for some real constant a < 1, where volx is the volume 
form of the metric on X induced by the embedding. 

Proposition 1.5 (cf. |HI4 Cor. IV.1.20]). For an orientable 4-dimensional submanifold X 
of a 7-manifold M with a G^-structure p> G Q+(M), the equality * v ip\x = voLy is attained 
in (11.41) for some (necessarily unique) orientation of X if and only if <p\x — 0. 

If a G^-structure on M satisfies d* lfi p = then the 4-form * ip p is an instance of 
a calibration, called coassociative calibration, and a 4-dimensional submanifold X with 
*(pP\x — volx is then said to be calibrated by * v p>. Any compact calibrated submanifold 
minimizes the volume in its homology class, in particular a compact X calibrated by * ip p 
is a minimal submanifold of the Riemannian manifold (M,g((p)). 

The G*2 structures that we deal with in this paper will always be defined by closed 
3-forms. The following terminology will be in use. A 4-dimensional submanifold X C M 
will be called coassociative, with respect to a G 2 -structure ip g Q+(M), if <p\x = 0. If, in 
addition, this G 2 -structure satisfies d * v ip = (and so *^ip is a calibration) then we say 
that A is a coassociative calibrated submanifold. 

A remarkable property of compact coassociative submanifolds is that their local defor- 
mations are unobstructed, a result due to McLean |McLj . It uses a 'tubular neighbourhood 
theorem' (e.g. |Lal Ch. IV]), which may be stated as follows. 

Theorem 1.6. For any embedded submanifold X of a Riemannian manifold (M,gM), the 
exponential map of gu, 

v{p) e (N XcM ) p C T p M ^ exp v(p) EM, p G X, 

induces a diffeomorphism of a neighbourhood 

{v(p) G N x/M : M < C x mm{5(p), |/J(p)|} if v(p) G T p M,p G X) 

of the zero section of the normal bundle Nx/m onto a neighbourhood of X in M. Here S(p) 
denotes the injectivity radius of gu and II(p) the second fundamental form at p, Cx > 
is a constant depending only on X . 
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As 5(p) depends continuously on p G X it attains a maximum 5 > when X is compact. 
In that case, the inequality in Theorem 11.61 defining a tubular neighbourhood can be 
simplified to \v(p)\ < 5. 

Thus any local deformation of compact coassociative X can be written as X v = exp v (X), 
for some v G r(iVxcAf) with small \\v\\c° in the metric induced from M. Suppose that 
ip\x = 0. A local deformation X v of X will be coassociative if and only if F(v) = 0, where 

F : v G T(N XCM ) -> F(v) = (expJV G fi 3 (X), (1.7) 

The normal bundle Nxcm of a coassociative submanifold is canonically isomorphic and 
isometric to the bundle of self-dual 2-forms A + T*X via 

v G T(N X/M ) -> e ^ + P0- (1-8) 

(The G*2 structure 3-forms ip used in |McLj differ from (11. ip by the opposite sign, which 
leads to Q~(X) rather than Q + (X) in the right-hand side of (11.81) .) Composing F with 
the inverse of (11.81) . we obtain a map 

F : Q + (X) -> Q 3 {X). 

McLean proves: 

Theorem 1.9 (cf. |McL] . §4). Suppose that a G2-structure on a 7-manifold M is given by 
a closed 3-form and X C M is a coassociative submanifold. Then: 

(a) the derivative (dF) is given by the exterior derivative d : Q + (X) Q 3 (X), and 

(b) the image of F consists of exact forms. 

Remarks. The statement of Theorem 11.91 extracts a part of McLean's results which does 
not require the compactness of X. The result is stated in [McL] for coassociative calibrated 
submanifolds but it was later observed in [Go] that the condition d * v (p = is not used in 
the proof. 

If X is compact then any exact 3-form on a compact oriented Riemannian 4-manifold 
is the differential of a self-dual form and Theorem 11.91 sets the scene for an application of 
the implicit function theorem in Banach spaces. It follows that the local deformations of 
a compact coassociative X form a smooth manifold of dimension equal to the dimension 
b + {X) of harmonic self-dual forms on X, see pvIcL] Theorem 4.5] or |JS| Theorem 2.5]. 

Bryant [BrJ proved that any closed real-analytic oriented Riemannian 4-manifold X 
with trivial A + T*X arises as a coassociative calibrated submanifold in some manifold with 
torsion-free GVstructure. If there are three harmonic self-dual forms on X that are linearly 
independent at every point then Bryant's result produces examples of non-compact (local) 
GVmanifolds foliated by the coassociative deformations of X. 

Finally, an application of McLean's theory shows that compact coassociative submani- 
folds are 'stable' under small deformations of the G2 structure. The property will be crucial 
for the main results of this paper, the following theorem provides an introduction. 

Theorem 1.10 (cf. [JoH Theorem 12.3.6]). Suppose that ip(s) G fi 3 (M), s G R, is a 
smooth path of closed G2-structure forms on M, and X is a compact submanifold of M 
such that <£>(()) I x = and the form ip(s)\x is exact for any s. Then there there is an e > 
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and for each \s\ < e a section v(s) of N x /m smoothly depending on s, such that v(0) = 
and (p(s) vanishes on exp v , s JX). 

It is worth to point out the different roles of the two equations in (11. 2ft : the second 
equation ensures that compact coassociative submanifolds are minimal, whereas the first 
equation ensures that they have a good deformation theory (Theorems 11.91 and 11.101) . 
Moreover, it is noted in \Br\ 0.3.3] that the generic G 2 -structure satisfying d * v ip = (but 
not necessarily dtp = 0) will not admit any coassociative submanifolds. 

2. From pencils of K3 surfaces to the approximating fibrations 

The method of construction of compact irreducible G2 manifolds that we shall consider 
was developed in |Koj . Because some technical details of this construction will be important 
in what follows we shall review these details here. We shall also deduce some immediate 
consequences concerning coassociative submanifolds which are not given in [Koj . 

Let W be a Ricci-flat Kahler complex threefold and to the Kahler form on W . If the 
holonomy of the Kahler metric is contained in SU(3) (which will be the case e.g. if W 
is simply-connected) then there is a nowhere-vanishing holomorphic (3, 0)-form Q on W, 
sometimes called a holomorphic volume form. We shall call the pair (u, O) a Calabi-Yau 
structure on W. A Calabi-Yau structure (00, fl) induces a torsion-free (^-structure on the 
7-manifold W x S 1 given by the 3-form 

tp CY = u a d6 + ImQ, (2.11) 

where 9 is the standard 'angle coordinate' on S 1 (cf. |Jo2l Propn. 11.1.2], our holomorphic 
volume form differs from the one used there by the factor 1). The form ipcY induces the 
product metric gw + d0 2 on W x S 1 corresponding to the Ricci-flat Kahler metric gw on W 
and we shall sometimes refer to (fey as a product GVstructure. 
If X is a complex surface in W then, for any 6q E S 1 , 

<Pcy\xx{9o} = = 0, 

so X x {#0} is a coassociative calibrated submanifold of W x S 1 . |McLl Do2] 

Let V be a (non-singular) compact complex threefold with Ci(V) > 0, i.e. a Fano three- 
fold, and D e | — Ky \ a K3 surface in the anticanonical linear system of V. Let D' G | —Ky\, 
D' 7^ D, be another K3 surface in the anticanonical class, so that C = D' fl D is a non- 
singular connected curve in V. Blowing up C we obtain a new threefold V with a holo- 
morphic map r : V — > CP 1 whose fibres are proper transforms of the surfaces in the pencil 
defined by D and D' . 

The proper transform D of D is an anticanonical divisor on V and the complement 
non-compact complex threefold W = V \ D has trivial canonical bundle. We can define a 
holomorphic coordinate, ( say, on CP 1 , so that D = r _1 (0). The fibre t -1 (£) is diffeomor- 
phic to D as a real 4- manifold whenever |£| is sufficiently small, thus the real 6- manifold 
underlying W has a cylindrical end r _1 ({0 < |£| < e}) diffeomorphic to M>o X S 1 x D. 
Denote the real coordinates on the first two factors by t, 9 and then ( = e~ l ~ %e . The 
complex structure on the end of W is asymptotic, as t — ► 00, to the product complex 
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structure on R >0 xS'xD, where D is considered with the complex structure and Kahler 
form induced by the embedding in V . Note that the latter condition on the Kahler form 
is not restrictive: every Kahler metric on D is obtainable as a restriction of some Kahler 
metric on V. [Koj |KLe] 

Another class of complex threefolds with similar properties was recently constructed 
in [KLe] . It uses K3 surfaces with non-symplectic involution. 

Recall that by Yau's solution of the Calabi conjecture [Y] the Kahler K3 surface D G V 
has a unique Ricci-flat Kahler metric in its Kahler class. We shall write ki for the Kahler 
form of this metric and Kj + ikk for a holomorphic volume form on D. The following 
'non-compact version of the Calabi conjecture' for W is proved in |Koj using the results 
of [TY]. 

Theorem 2.12 ( |Koj . §§ 2-3, 6 ). The threefold W is simply- connected and has a complete 
Ricci-flat Kahler metric gw of holonomy SU(3). This metric is asymptotically cylindrical 
in the sense that on the cylindrical end r _1 {0 < \(\ < e} C W the Kahler form uo of gw 
has an asymptotic expression 

Co 'It- 1 {o<|c|<£} = dt A d6 + kj + dip, 
and there is a holomorphic volume form Q on W with an asymptotic expression 

where ( = e~ l ~ %e and the differential forms ip, and all their derivatives decay at the rate 
0(e~ Xwt ) along the end of W , with the exponent \w > depending only on the Kahler 
metric ki on D. 

For any W satisfying the assertion of Theorem 12.121 the 7-manifold W x S 1 has a 
cylindrical end M >0 x S 1 x D x S* 1 and the product GVstructure tpcy on W x S 1 has an 
asymptotic expression 

^cylr-HcKlci^lxs 1 = ip D + dip, 

where 

(p D = dt Ad9 A d9' + m Ad9' + kj Ad6 + k k A dt, (2.13) 
■ij, = if; A d6' + Im 

and dd' denotes the standard non-vanishing 1-form on the last S 1 factor. Note that the 
asymptotic model (pr> is determined by the choice of the K3 divisor D G | — Ky\ alone and 
does not depend on the choice of D' and the resulting pencil on V . 

Proposition 2.14. For a generic choice of Fano threefold V in its deformation family and 
a generic choice of D' 6 | — Ky\, the fibres of the map r : V — > CP 1 define a 'generic 
Lefschetz fibration' in the following sense: 

(1) the critical points of r are non- degenerate (Morse points): if dr(w) = then the 
Hessian of r at w is non-singular, and 

(2) any fibre t _1 (C) contains at most one critical point of t. 
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Proof. This is an application of [Koj and some standard results in algebraic geometry and 
we only give an outline of the proof. A generic anticanonical divisor on V is a smooth 
surface of type K3 |Shj . The K3 surfaces arising as smooth anticanonical divisors on the 
deformations of V form a Zariski open subset in a moduli space % of K3 surfaces whose 
Picard lattice contains a copy of H 2 (V, Z) as a sublattice [Kol §7]. The moduli space % is 
a quasiprojective complex algebraic variety of dimension 20 — b 2 (V). The degenerations of 
the K3 surfaces in % developing an ordinary double point are generic. The anticanonical 
linear system | — Ky\ is parameterized by CP N and an application of the Riemann-Roch 
theorem gives the dimension N = —K v /2 + 2, so N > 3 [Is, Propn. 1.3]. 

The singular anticanonical divisors on V are therefore parameterized by an algebraic 
subvariety S of CP N of codimension at least 1 and one can show that for a generic Fano 
threefold in the deformation family of V any connected component of S contains a K3 
orbifold with the only singularity an ordinary double point. Each of the conditions (1) 
and (2) in Proposition 12.141 is an open condition in the Zariski topology of S. Violation of 
(1) or (2) defines a further subvariety of positive codimension in S. This latter subvariety 
therefore has codimension at least 2 in CP N and can be avoided in the pencil through D 
and D' with a generic choice of D' . □ 

If wq G W is a critical point of r and the Hessian of r at wq is non-degenerate then 
by the Morse lemma there is a system of local holomorphic coordinates Zj near wq, such 
that r = z\ + z\ + z\ in these coordinates. The fibre X through u> is an orbifold with 
an isolated singularity z\ + z\ + z\ = at w . (For a general theory of orbifolds see [E].) 
A neighbourhood of Wq in X admits a local parameterization by uniformizing coordinates 
Ul ,u 2 eC 2 /±l, 

(ui,u 2 ) i-> (i(ul + ul), u\-u\, 2«iu 2 ), (2-15) 

so this neighbourhood is homeomorphic to a cone on RP 3 . 

A K3 fibration r has only finitely many singular fibres. Every singular fibre Xq of 
a generic r (in the sense of Proposition 12.141) is an 'orbifold K3 surface' with unique 
singularity which is an ordinary double point and r near X defines a one-parameter 
family of non-singular deformations of X . On the other hand, it is well-known (e.g. |Asl 
§2.6]) that by blowing up Wq one achieves a resolution of the ±1 orbifold singularity of X 
which is again a K3 surface (in general, not isomorphic to any nearby fibre of r) and the 
exceptional divisor is a complex curve with self- intersection —2. 

The number /iy of singular fibres of a generic r is the number of K3 orbifolds in the 
corresponding generic Lefschetz pencil on V. This number is calculated by an application 
of Lefschetz theory of hyperplane sections to the topology of algebraic varieties [AFj §5] , 

ixv = 2 X {D) - X (C) - X (V) = 48 + (-K 3 V ) - X (V) (2.16) 

where C is the blow-up locus (the axis of the pencil of K3 surfaces in V), so — %(C) = — K v 
for a Fano threefold V [TsJ Propn. 1.6]. 

We may assume, rescaling ( by a non-zero constant factor if necessary, that there are 
no singular fibres of r on the cylindrical end {t > 0} C W, where t = — log \z\ as before. 
Extend t to a smooth function, still denoted by t, defined on all of W with t < away from 
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the cylindrical end. Fix once and for all a smooth cut-off function a(s) with a(s) = 0, for 
s < 0, and a(s) = 1, for s > 1. The 3-form 

<fw,r = (fcr - d(a(t - T)V>) (2.17) 

defines a GVstructure on Wt x 5* 1 for every sufficiently large T. It interpolates be- 
tween the product torsion-free (^-structure {p CY on W x S 1 induced by the Ricci-flat 
Kahler structure on W and the product torsion- free G^-structure if d on the half-cylinder 
[T — 1, oo) x S 1 x D x S 1 induced by the Calabi-Yau (hyper-Kahler) structure forms ki, 
kj, Kk on D as in (12.131) . 

Proposition 2.18. For any T > 0, the 3-form ip? vanishes on each fibre of the map 
r x id s i : W x S 1 -> CP 1 x S 1 . 

Proof. It is clear that the claim is true away from the cut-off region R = [T — 1, T] x S 1 x 
D x S 1 because the map r is holomorphic both in the complex structure of W and in the 
product complex structure of R x S 1 x D on the end of W . 
On the cut-off region, we have 

<Pt\r — (1 — Oi)ifcY + oapo — oc'dt A Tp 

and the claim follows as any fibre of r on the end of W x S 1 is contained in a level set 
{t = const}. □ 

Now let W\ and W2 be two asymptotically cylindrical Calabi-Yau threefolds given by 
Theorem [2H and define Wj(T) = Wj \ {tj > T}, for any T > 2, j = 1,2. Assume 
that the respective two hyper-Kahler K3 surfaces Dj are 'hyper-Kahler rotations' of each 
other which means that there is an isometry / : D\ — > D 2 of the Riemannian 4-manifolds 
such that /* interchanges the Kahler and holomorphic volume forms of D\ and D2 as 
follows: t^P t— > Kj 1 '*, k^P 1 — ^ , Kp t— > — Kp . (Such an isometry / always exists after 
some deformations of the Fano threefolds Vi, V2 used in the construction of W\,W2 [Kol 
Theorem 6.44]. See also \KLe\ Theorem 5.3]) 

Construct a compact 7-manifold M by joining W\(T) and W^iT') 

M = (W^T) x S 1 ) U T (W 2 (T) x S 1 ), (2.19a) 

identifying collar neighbourhoods of the boundaries via the orientation-preserving diffeo- 
morphism 

T : (y,e h 9 2 ,T + t) ED 1 xS 1 x S 1 x]T + 1, T + 2[— > 

{f{y), 9 2 , 9 1 , T + 3 - t) E D 2 x S 1 x S 1 x}T + 1, T + 2[ (2.19b) 

Then T*<fD 2 — 1 Pd 1 , so the two G2-structures <^j,T £ Q%(Wj(T) x S 1 ) defined by (12. IT)) 
agree on the overlap and together give a well-defined GVstructure ip T e Vl\(M) on the 
compact 7-manifold. This latter GVstructure form satisfies 

dif T = 0, ||d * IPT iprhl < C p,k e ~ XT , (2- 20 ) 
for each T > 2, where A < \yy , j = 1, 2, and \w ] are defined in Theorem 12.121 
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Theorem 2.21 ( |Koj . §5). There exists T and for each T > T a 2-form 77 = i]t on the 
7-manifold M satisfying \\t]t\\l p < K p ^e~ XT and such that 

d * (ip T + di] T ) = 0, 

with the Hodge star * in the above formula defined by the metric g{ipr + <^7t)- Thus the 
3-form ifx + dr]T induces a torsion-free G2-structure on M and the holonomy group of the 
metric g(ipr + drfr) is G%. 

The last claim is true because M is simply-connected. The 3-form (p? m ay be thought 
of as an approximation, improving as T — > 00, of a torsion- free G^-structure on M. 

Return, for the moment, to the GVstructures <pj jT on the two pieces of M. It is clear 
from the construction (12 . 1 9[) of M that the fibrations r^' of Wj(T) x S 1 agree on the 
overlap and hence can be patched to define, for any T > 1 a fibration of M as shown 
in the following commutative diagram 

WxtxS 1 U w 2T y<S 1 M 



(2.22) 



T (2) 

A xS'U A x5 ! S 3 . 

where the bottom row is a well-known splitting of the 3-sphere into two solid tori (A 
denotes a disc in CP 1 ). We obtain from (I2.22p and Proposition 12.181 the main result of this 
section. 

Theorem 2.23. Let (M,(Pt) be a compact 7-manifold with a G2-structure constructed 
from a pair of Fano threefolds, as defined above. Then '■ M — >• S 3 is a coassociative 
fibration defined by (I2.22p . with respect to ipr- The singular fibres of t t form a subset of 
codimension 2 in M and are projected by r onto a link in S 3 . 

This link consists of [iv 1 (disjoint) circles in S 3 \tt(Wi(T)xS 1 ) and /iy 2 (disjoint) circles 
in S 3 \r T {W 2 {T)xS l ), where \i Y . is defined in fl2T6|) . Each circle in S 3 \ T T (Wj(T) x S l ) 
is linked, with linking number 1, with each circle in the other subset S 3 \Ty(W3_j(T) x S 1 ) 
and is not linked with any circle in S 3 \ TxiWjiT) x S 1 ). 

Of course, the 4-form * IPt <£t is not in general a calibration on M and the fibres of tt 
are not necessarily calibrated by *i PT +dr lT (r°T + dr] T ). The estimate on the 2-form r\ T given 
in Theorem 12.211 yields an upper bound on drj^lx, for each non-singular fibre X of tt, 

\\d VT \ x \\ Ll < K P!k (X)e- XT , (2.24) 

for each T > Tq. The constant K P ^(X) in (12.201) depends on a particular choice of norm 
(more precisely, on the value of k — 4/p) as well as on the choice of X. We shall return to 
this later, in Proposition 17.641 

3. The gluing theorem for coassociative K3 fibrations 

The estimate (12.201) on the failure of the fibres of tt to be calibrated by the 4-form 
*ip T +dr) T {,r°T + -drfr) also suggests that, the map tt might be in some sense an approximation 
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of a fibration of the holonomy-G2 manifold (M, g((fr + drfr)) with coassociative calibrated 
fibres. The next theorem — which is the main result of this paper — asserts that this is 
indeed the case. 

Main Theorem. Let (M,g(tpr + drjr)) be a compact 7-manifold with holonomy G2 con- 
structed from a pair of Fano threefolds as defined in the previous section and let be 
the fibration of M given by Theorem \2.23[ There exists, for every sufficiently large T , a 
diffeomorphism hr of M onto itself, exponentially close to i&m, 

sup dist g (tp T )(hT(x),x) < const -e~ AT 

xeM 

with A > as determined in Theorem \2.21\ and such that the fibres of tt hr '■ M — > S 3 
are coassociative calibrated by * VT+ d VT (<-Pr + drfr) ■ In particular, smooth fibres of tt o h T 
are minimal submanifolds of (M , g(ipr + drfr)) ■ The map h^, 1 can be taken to be C 1 on the 
locus of the singular fibres of r and C°° elsewhere on M. 

A generic fibre of Tr°hr is diffeomorphic to the real ^-manifold underlying a K3 surface. 
Each singular fibre is an orbifold diffeomorphic to a l K3 orbifold surface ' with one ordinary 
double point and no other singularities. The discriminant locus (image of the singular 
fibres) of tt ohr is a link in S 3 , as described in Theorem \2.23[ 

Remarks. (1) The smooth K3 fibres of ° hr have b + = 3 and thus form a maximal 
deformation family, by McLean's results |McLj . We shall see, after some additional work 
below, that the singular fibres of tt ° hr also form a maximal deformation family. 

Another well-known compact 4-manifold with b + = 3 is a 4-torus. A fibration by coasso- 
ciative 4-tori was obtained by Goldstein [Go] for a compact 7-manifold constructed in [Jol] . 
However, the GVstructure used in |Go] only has a closed 3-form but does not define a 
coassociative calibration (it is close to a calibration and one can obtain an estimate similar 
to f)2.20p ). so the fibres need not be minimal submanifolds. The singular coassociative 
fibres in |Goj have non-isolated singularities and it appears that the problem of perturbing 
into a map with calibrated fibres would require a different analytic technique than that 
developed for the fibration (I2.22p . We hope to return to this problem in a future paper. 

(2) A K3 fibre X of r has trivial normal bundle in M and hence trivial bundle of self-dual 
forms A + T*X. A trivialization of A + T*X induces an Sp(l)-structure on X and hence a 
triple of orthogonal almost complex structures J, J, K (relative to the metric on X) satisfy- 
ing the quaternionic relations I J = —JI = K. From the construction of the holonomy-G2 
metric on M one can see that one of /, J, if is a deformation of the complex structure 
induced by embedding of X in the Calabi-Yau threefold Wj. As T tends to infinity, the 
metric induced by g((pr) on each fibre of converges uniformly with all derivatives to 
a Kahler metric. For fibres near the middle of the neck of M, the limit metric is, more- 
over, hyper-Kahler. However, there is no general reason for a holonomy reduction for the 
induced metric on the fibres, for any finite T. 

In the rest of the paper we prove the Main Theorem. 

We shall construct hr in the form hr = exp WT , for a smooth vector field vt on M (more 
precisely, hr will be obtained as a composition of two exponential maps). A map exp v of 
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the compact Riemannian manifold (M, g((px)) is well-defined whenever the uniform norm 
of v is less than the injectivity radius of M. Furthermore, exp^ defines a diffeomorphism 
of M whenever the uniform norm of both v and its first derivatives is sufficiently small, so 
that exp^ is a local diffeomorphism near every point and a bijection of M. 

Proposition 3.25. Let M be a compact 7-manifold with a one-parameter family of Rie- 
mannian metrics induced by the G2-structures <px € Q+(M) defined by the connected sum 
construction, as in £0 

Then there exists e > so that for any metric g((fiT), T > 1, the map exp v is a diffeo- 
morphism of M onto itself whenever \\v\\c^ < £■ 

Proof. The upper bound e can be determined by considering restrictions of the metric 
g((fr) to small neighbourhoods and taking the supremum. The asymptotically cylindrical 
properties of the metrics constructed on Wj x S 1 imply that the e can be taken positive on 
these manifolds and hence also on M as gifr) is exponentially close to the asymptotically 
cylindrical metrics as T —>■ oo. □ 

We require a C 1 -small vector field v = v t on M satisfying 

exp*(y? T + d7] T )\x = 

for each fibre X of tt, given that (pr\x = and t]t can be taken as small as we like by 
choosing a large T. The construction of such v can be thought of as an infinite-dimensional 
version of the implicit function problem Fx(v, s) = on each fibre X, for a family of vector 
fields v = v(s), < s < 1, with v(0) = 0, where 

F : (v, s) G T(TM\ X ) x [0, 1] -> exp^ + s d V )\ x G fi 3 (X) 

is a variant of the map appearing in McLean's theory (cf. §TJ). Here we temporarily dropped 
the dependence on T from the notation. 

If all the coassociative fibres of r were smooth, then the desired vector field v would be 
easily obtained by a slight modification of Theorem 11.101 for local deformation families of 
coassociative submanifolds and then patching together finitely many of these local families, 
using the compactness of M. However, the fibres of r develop singularities. Recall also 
that the deformation problem for a coassociative submanifold is expressed as an equation 
for sections of vector bundles on the actual submanifold. In light of this, the proof of 
the Main Theorem naturally falls into two parts concerned, respectively, with the singular 
fibres of Tt and the nearby smooth fibres with 'large' curvature. 

In order to implement the implicit function strategy we require, in the first place, an 
extension of the deformation theory to the coassociative K3 orbifolds arising as the singular 
fibres. More precisely, the required property concerns the linearization (D\F)q of the 
deformation map in v at v = 0. This map should be a surjective Fredholm map between 
appropriate Banach spaces (weighted Sobolev spaces in Theorem l4.35l) . so the deformations 
of coassociative K3 orbifold fibres of tt are unobstructed. 

The perturbation hr of will be obtained as a composition of exponential maps via the 
following two results. The proof of Theorem A requires a 'stability' result for coassociative 
cones defined by complex 2-dimensional cones in C 3 . Appropriate stability result for the 
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tangent cones at the singular points of K3 orbifold fibres of tt indeed holds and has been 
proved by Lotay in [Lo3j. 

Theorem A. (compare [Lo3j ) Let M be a compact 1 -manifold with a smooth one-parameter 
family of G \- structures given by closed 3-forms ipx £ fl+(M), T > T , defined by the gener- 
alized connected sum construction in $3 Let tt : M — > S 3 , be a coassociative K3 fibration, 
with respect to tpx, defined in Theorem \2.23\ Suppose that ipr + drfr, is a smooth family of 
torsion-free G2-structures on M , such that ||^t||x 1 ' < Kp,k e ~ XT f or each p > 1, k > 0. 

Then there exists T\ and for any T > T\ and < s < 1 a C la vector field vt, s 
on M, smooth away from the singular fibres of and satisfying ||ut,s||l p < K p kSe^ XT 
and H^t.sIIc 1 < Kse~ XT , with support of v contained in a neighbourhood U of the singu- 
lar fibres of r T , and such that <p + sdi] T vanishes on every singular fibre of the perturbed 
fibration tt oexp" 1 : M — ■> S 3 . The neighbourhood U may be chosen not to meet the neck 
ofM, i.e. U c (Wi(0) x S 1 U W 2 (0) x S 1 ). 

We explain in §H a framework of appropriate weighted Sobolev spaces making (DiF) 
into a Fredholm map and in §3] show how the surjectivity of (DiF) then follows from 
Lotay's stability result, in the case of conical singularities of K3 orbifold fibres. The sur- 
jectivity implies that the deformations of coassociative K3 orbifold fibres of tt are unob- 
structed. 

The hypothesis of the next result assumes the assertion of Theorem A. We may now 
deal with an approximating fibration whose singular fibres are precisely coassociative with 
respect to a GVstructure <^ T , for each T. 

Theorem B. Let M be a compact 7-manifold with a smooth one-parameter family of 
G2-structures given by closed 3-forms tpT £ £l+(M), T > T±, defined by the generalized 
connected sum construction in ^3 Let : M — > 5* 3 for T > T x be a coassociative K3 
fibration map, with respect to (fx, defined in Theorem \2.23\ 

Then there exists e > so that ifT>T\ and an exact form drj G Q 3 (M) vanishes on 
every singular fibre of r T and ||g^||c°(a/) < £ > relative to the metric g((pr), then there is a 
unique smooth vector field Vt{v) on M such that: 

(i) vt vanishes on the singular fibres of tt and is point-wise orthogonal to each smooth 
fibre X of tt and vt-i<Pt\x is L 2 -orthogonal to the harmonic self- dual forms on X relative 
to the metric g(tpT)\x> 

(ii) vt{v) depends smoothly on T and dr] and H^rHc 1 = 0(||d77||cn); 
(in) (fx + dr) vanishes on the fibres of tt o expl, n . 

Theorem B is proved in 

The estimates of the vector fields Vt, s m Theorem A ensure that exp^ s for any large T 
is a well-defined diffeomorphism of M isotopic to id m- Denote 0t = exp* (ipx + drjT); 
then, for T > T 1; the form (p? vanishes on the singular fibres of Tt- The form (px is in 
the co homology class of ip? and dfjx = (p T — ip> T tends to zero in C°° as T —>■ oo. For any 
large T, Theorem B applies to dfj T and gives a second vector field v(fj T ) on M, so that 
the diffeomorphism exp c ^ T ) of M is well-defined and fixes the singular fibres of tt- Then 



14 



A. KOVALEV 



(fT + dr/T vanishes on the fibres of tt ° h?, where 

h T = exp^ o expr^ . 

Thus the fibres of tt o Ht are coassociative calibrated by the 4-form * VT+ dri T (pT + dr/T and 
are minimal submanifolds of the holonomy-G2 manifold (M, ipT + drjr) as required in the 
Main Theorem. 

4. Linear analysis on coassociative K3 orbifolds 

Before going to prove Theorem A we need to deal with the analytic issues arising in 
the deformation theory of the singular, K3 orbifold coassociative fibres of the map (12.221) . 
We begin, in this and the next section, by showing that the infinitesimal coassociative 
deformations of these K3 orbifold fibres are unobstructed. 

Our treatment is similar in spirit to one previously used by Joyce in the series of pa- 
pers on special Lagrangian submanifolds with conical singularities, including [Jo4t Uo6j . 
in that we apply elliptic theory on non-compact manifolds using weighted Sobolev spaces 
and extend these by certain finite-dimensional spaces to eliminate the obstruction space. 
Lotay |Lolj applied the method of [Jo4] IJo6j and other papers in the same series to show 
that deformations of coassociative submanifolds with conical singularities may in general 
be obstructed. Recently Lotay developed a rather general deformation and stability theory 
for coassociative submanifolds whose conical singularities arise from complex cones in C 3 . 

The ordinary double point singularities of complex surfaces in a threefold W are an 
instance of conical singularities. On the other hand, complex surfaces in W define coas- 
sociative submanifolds in W x S 1 with respect to the product (-^-structure corresponding 
to a Calabi-Yau structure on W. As we explain below, using the stability result of |Lo3j . 
in the case of ordinary double point singularities it is possible to set up an unobstructed 
theory. 

Throughout this section, we work on a neighbourhood M\ oc = W\ oc x S 1 C M of a 
singular fibre, X say, of the map t = t t defined in f|2.22j) . Here W\ oc = (t^- ) )~ 1 ([/o) C Wj 
j = 1 or 2, and Uq C CP 1 is an open disc, such that X C W\ oc and W\ oc contains no 
other singular fibres of r^. Respectively, M\ oc = r~ l {U x S 1 ); mark a point G S 1 and 
identify W\ oc with W\ oc x {0} C M\ oc . (Note that writing r rather tt is justified here as 
there are no singular fibres on the neck of M and the restriction of the fibration map to 
a neighbourhood away from the neck does not depend on T.) We consider the 7-manifold 
M\ QC with the product GVstructure 

(Pcy = ijJ A dO + Im Q 

induced by a Calabi-Yau structure (u,Q) on W (as before, 9 is an 'angle coordinate' 
on S 1 ), so (fcY vanishes on the smooth part of X Q . We shall set up a technical framework 
to deal with the local coassociative deformations of X Q , extending McLean's approach. 

Recall that X is an orbifold degeneration of K3 surface with one ordinary double point 
and no other singularities. Denote by wo the ordinary double point point of X and by 
Xq = Xo^{wq} the complement smooth non-compact complex surface. We shall always use 
on a neighbourhood of wq in W the 'Morse' local complex coordinates (z\, z 2) z 3 ) discussed 



COASSOCIATIVE K3 FIBRATIONS 



15 



in §2j recall that the local expression of r^' in these coordinates is z\ + z\ + z\ and a 
neighbourhood of Wq in X corresponds to a neighbourhood of in the cone on MP 3 

C = {z\ + z\ + z\ = 0} C C 3 . (4.26) 

We shall sometimes use on a neighbourhood of Wq in X the uniformizing coordinates 
(ui,u 2 ) € C 2 defined in so that 

(z!,Z2,Z3) = (i(ul + u 2 2 ), u\-u\, 2u 1 u 2 ). (4.27) 

The Ricci-flat Kahler metric u on W\ oc defines, by restriction, an incomplete Kahler 
metric on X' Q and which can be written near wo in the form 

dr 2 + r 2 g 3 + 0(r 3 ), as r -> 0. (4.28) 

where r is the geodesic polar radius at u7o in W, #3 is some smooth metric on MP 3 , and 
o(r 3 ) is understood in the sense of the uniform convergence on MP 3 with all derivatives. 

Remark. More explicitly, the metric g% can be computed by restricting the inner product 
on the real tangent space T m W induced by uj to the intersection of the unit sphere and 
the tangent cone of X at w . In the uniformizing coordinates Ui,u 2 3, it is obtained 
by substituting the expressions (14.27)) into (the real part of) hndzidzj, where is the 
Hermitian inner product defined by uo at wq. Note that the Kahler form uj need not be 
'compatible' with z/s in any special way. In particular, g% is need not in general be induced 
in the standard way from the round metric on S 3 , nor the 'obvious' metric on the link of 
Co induced by the Euclidean metric on C 3 . 

Note also that the expression for the metric (14.281) in the uniformizing coordinates degen- 
erates at Wq- In particular, the local 2-form du\/\du 2 on Xo is smooth in the orbifold sense 
but its point-wise norm relative to the metric g(ipcy) blows up at w , \duiAdu 2 \ = 0(r _1 ) 
as r — > 0. 

In what follows, we extend the local coordinate r to a positive smooth function, still de- 
noted by r, defined on all of X' and such that r > 1 away from a coordinate neighbourhood 
of Wo- 

A local deformation of Xo in M\ oc is defined as exp v (Xo), where v is a vector field on 
a neighbourhood U of X in M\ oc with a small C 1 -norm, so that exp,, : U — > M\ oc is 
a diffeomorphism of U onto its image. We regard two local deformations exp v (Xo) and 
exp^/(X ) as equivalent if exp v ,(X )\x = Gxp v ,(X )\x &o, for some diffeomorphism $ 
of X onto itself. (Note that any diffeomorphism of the orbifold X necessarily fixes Wq.) 

The follows is a direct corollary of the tubular neighbourhood Theorem 11.61 

Proposition 4.29. Let B x (p) denote a ball of radius p about zero in the fibre of the normal 
bundle N X ' q /m 1oc over x with the inner product induced by the metric on M\ oc . There exists 
e > such that the Riemannian exponential map an defines a diffeomorphism of an open 
neighbourhood U e = U xe x' B x (er) C N x > /m 1oc onto a neighbourhood of Xq in M\ oc , where r 
is the 'polar radius-function' on Xo defined above. 

It follows that the bundle isometry N x > /m 1oc — A + T*X' (cf. (11.81) ) bijectively identifies 
local deformations of Xq fixing wo defined by vector fields v point-wise orthogonal to Xq 
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and the forms ip G Q + (Xq) if the uniform norms of r~~ x v and r~ x i\) are less than e given by 
Proposition 14.291 For any such ip = vj^cyIx^ an orbifold exp v (X ) will be coassociative 
if and only if uj is a zero of 'McLean's map' 

F : ip = v^crlxi, e -> exp> C y| x , e fi 3 (X^). (4.30) 

Recall from Proposition 11.91 that the linearization of F at if) = is an overdetermined- 
elliptic differential operator (dF) = d : Q + (X ) — ► fi 3 (X ) and that the image of F 
consists of exact 3-forms on X' Q . In order to apply the implicit function theorem to F we 
require a choice of Banach space completions for the space of self-dual forms v jipcy on X' Q 
arising from local deformations of Xq and also for the space of bounded exact 3-forms on 
Xq, so that the exterior derivative extends to a surjective operator between the two Banach 
spaces. 

The Kahler metric induced on Xq from W\ oc does not extend to a smooth orbifold metric 
on Xq, so trying to work with orbifold versions of e.g. the usual Sobolev spaces on a compact 
X Q and is not a very promising way. Instead, we use a 'conformal blow-up' of Xq at the 
singular point and apply the elliptic theory for manifolds with asymptotically cylindrical 
ends from [LMl [MB IMs] • 

The non-compact submanifold Xq is diffeomorphic to a smooth 4-manifold with cylin- 
drical end M>o x 1LP 3 which corresponds to a neighbourhood of wq via r = e _t , where t is 
the coordinate on the M>o factor. Restricting to the end of Xq we can write 

dr 2 + r 2 g 3 + o(r 3 ) = e~ 2t g cyl = e~ 2t (dt 2 + g 3 + o^ 1 )), as t -> oo, (4.31) 

which shows that the metric (I4.28P induced on Xq from M\ oc is conformally equivalent to 
an asymptotically cylindrical metric g cy \. In particular, the self-dual forms defined by the 
metrics g cy \ and u)\x' are the same. 

We shall need exponentially weighted Sobolev spaces on X' . By definition, e _<5 *L^(X ) cy i 
is the space of functions e~ St f such that / 6 L^,(X' ) and the norm is defined by ||e~ <5 VHe-< 5t l p 
= || f\\jj>. Here we used the subscript 'cyl' to indicate that the L p k norm in the previous 
sentence is calculated using the metric g cy \. This will be important when we consider the 
differential forms on X' . 

There is a preferred choice of weight 5 = k — A/p. Denote the corresponding weighted 
spaces by W^(Xq). In terms of the radial parameter r on X the W^-norm is expressed as 

H/ll<(Xo) = ll^ll P +ll^ll P + --- + llV fc /ll P . 

The above expression for W% norm extends to the differential forms of any degree m on Xq 
but note that the point- wise norms of the m-forms are rescaled by the 'conformal weight' 
factor e~ mt when passing to the metric g cy \. In view of this, we define 

WIST(Xq) = e- {k - 4/p+m)t L p k tt m {X^ cyl . 

Then the exterior derivative extends to a bounded linear map W p Q m (XQ) W^fl" 1 ^ (Xq). 

There is a simple relation between the W p spaces and the usual, unweighted Sobolev 
spaces L p (Xq). The following result is proved in [BiJ in the case of a flat Euclidean ball (with 
r the Euclidean distance to the origin). However, the argument of the proof works, with 
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only a change of notation, for a punctured ball endowed with a metric having the 'conical' 
form (14.281) . Considering a punctured neighbourhood of Wq in X as the quotient of a 
4-dimensional punctured ball with respective ±l-invariant metric and restricting attention 
to ±l-invariant functions we obtain. 

Proposition 4.32 (cf. [Bi, Theorem 1.3]). Suppose that £ is a non-negative integer such 
that £ — 1 < k — 4/p < £ and let 5 = k — 4/p. Then one has 

WE(X Q ) = {f e L P JX ) | lim V"7H = 0, for all < m < £ - 1} (4.33) 

W—fW() 

and the W k -norm on the left-hand side is equivalent to the L p k -norm on the right-hand side. 

The vanishing condition in the right-hand side of (14.331) makes sense as L p embeds 
in C . Proposition 14.321 extends in the usual way to sections of vector bundles over Xo 
by considering a ±l-equivariant local trivialization near wq. 

In view of the local regularity results for coassociative calibrated manifolds [HI4 § IV. 2. 7] 
we require a Banach space consisting of the C 1 self-dual forms on X' . We shall use the 
completion of the space of self-dual forms in a IV^-norm fixing a choice of p > 1, k G Z 
such that 

1 < k - 4/p < 2 (4.34) 

With this choice, every self-dual form ip G W k VL + (X' Q ) vanishes to order two at Wq, in 
particular ip is Lipschitz continuous at wq with any Lipschitz constant e > 0. Whenever the 
W p norm of ip is small, the corresponding section v of Nx' q /m 1oc defines a local deformation 
exp^ of X Q which fixes the singular point wq and the tangent cone at w . 

In order to include local deformations of Xo which move the tangent cone and the 
singular point, we extend the weighted Sobolev space of self-dual forms by adding a finite- 
dimensional space 

E = {v G)L ^cy\x' ■ e G T WQ Mi oc , L e End(T^ Mi oc )}. 
Here t> e ,L denotes a choice of a smooth vector field on M\ oc smoothly depending on the 
parameters e, L, such that We.L^o) = e an< ^ dv et L(w ) = L. In the last condition we define 
dv G) L by using the coordinates Z{,9 near w G M\ oc to express v e ^ locally as a smooth 
map from a neighbourhood of zero in T wo to T m . The Banach space E Q + W p Q + (Xq), for 
1 < k — 4/p < 2, does not depend on the choice of vector fields v e ^ given above as the 
ambiguity is 0(r 2 ), r — > 0, which is contained in W k by Proposition 14.321 It is not difficult 
to check, using Proposition I4.32[ that for every smooth local deformation exp„ of Xo the 
self-dual form v j<pcy\x' is i n E + e~ 5t L p k Q + (XQ) cy \. On the other hand, straightforward 
calculation in local coordinates on M\ oc near wq shows that any smooth exact 3-form on 
M loc restricts to a form in c/(E )+iy fc p _ 1 (fi 3 (X ). (As fc-l-4/p > 0, the space W^Q? (X' Q ) 
alone only contains forms vanishing at Wq.) 

We are now ready to state the main result of this section. 

Theorem 4.35. If the Sobolev space parameters satisfy (14.34j) then the exterior derivative 
defines a bounded linear map between Banach spaces 

d:E + W p k n + {X' a ) -> d(E ) + {r]E W^Q^X^) : drj = 0} (4.36) 
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which is surjective and has a one- dimensional kernel spanned by the Kdhler form oj\x' q - 

Remark. The 1-dimensional kernel of (14.361) arises from the S" -symmetry of the torsion free 
GVstructure ip CY on WxS 1 . Thus Theorem 14 . 351 shows that the ^-families of coassociative 
K3 orbifolds arising in the approximating fibration (I2.22p are maximal deformation families 
(the smooth fibres, of course, have the same property by Theorem II .91 and |McL] as b + = 3 
for a K3 surface). 

5. Proof of Theorem 14.351 

Remark. Putting x = e~* we can think of the manifold X' Q as the interior of a compact 
manifold with boundary X' Q = X' Q U ({x = 0} x RP 3 ) obtained by adding a copy of IRP 3 = 
{x = 0} 'at infinity'. (The added RP 3 may also be canonically identified with the unit 
spherical space form S 3 / ± 1 in the tangent cone of X C Wi oc at w .) The asymptotically 
cylindrical metric g cy \ on X' Q can be written in the form 

dx^ 

9cyi = ~^+9, (5-37) 

where g is a symmetric semi-positive definite form smooth up to the boundary: at any 
point in {x = 0}, g is smooth in the MP 3 directions and has one-sided derivatives in x 
of any order. Then (I5.37P gives an instance of a 'smooth exact 6-metric', as defined by 
Melrose |Met Ch. 2] . The results proved in [MeJ for manifolds with smooth exact 6-metrics 
can therefore be applied to (X' ,g cy \). 

In will be convenient to reduce Theorem 14.351 to a result concerning a linear operator 
between the W^-spaces alone. We look at the kernel first. (The subscript 'cyl' at the 
exponentially weighted spaces on X' Q will now be dropped from the notation.) 

Proposition 5.38. Suppose that k-A/p > 1. The map d : e~ 5t L p k n + -( x o) ~> e _<5 *Pfc_i fi3 ( x o) 
has a 3-dimensional kernel for any < 5 < 1, a 1-dimensional kernel for any 1 < 5 < 2, 
and is infective for any 5 > 2 . 

Proof. This is an application of the Hodge theory on asymptotically cylindrical manifolds. 
The kernel of d is contained in the kernel of the Laplacian acting on e~ St L p k Q + (X' Q ). Fur- 
thermore, the standard integration by parts argument is valid when 5 > and shows 
that the two kernels coincide. By [APS1 Propn. 4.9] or \Me\ Propn. 6.14], the L 2 -kernel 
of the Laplacian on the m-forms on an asymptotically cylindrical manifold X' Q is isomor- 
phic to the image of the natural inclusion homomorphism H™(Xq) — ► H m (X' ) of the de 
Rham cohomology groups, where the subscript 'c' indicates the cohomology with compact 
support. 

Considering the exact sequence of the de Rham cohomology groups 

. . . -> H rn -\RP 3 ) -> H?{X' ) -> H rn (X' ) -> H rn (RP 3 ) -»■ . . . 

we find that H° C (X' Q ) = 0, H^X^) ^ R and the inclusion homomorphism H™(X^ -> 
H m (X' Q ) is an isomorphism for 1 < m < 3. Recall from §2] that X' Q is isomorphic to the 
complement of a (— 2)-curve in a K3 surface, X say; this (— 2)-curve is topologically a 
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sphere. Considering the Maier-Vietoris exact sequence for the union of X' and a tubular 
neighbourhood of the 'missing' (— 2)-curve we find that H 2 (X' Q ) is a complement in H 2 (X) 
of the one-dimensional subspace generated by the Poincare dual of the (— 2)-curve. The 
cup-product on H 2 (X' Q ) has maximal positive subspace H + (Xq) of dimension 3 and so the 
L 2 -kernel of the Laplacian on Q + (Xq) is 3- dimensional. 

It is easy to identify, for < 8 < 1, the 3-dimensional space of 0(e~ St ) exponentially 
decaying closed self-dual forms on X' Q . This space is spanned by the restriction u\ Xo of the 
Kahler form on W\ oc and the restrictions of the real and imaginary parts of the holomorphic 
(2, 0)-form (^(dr)^flj \xo, defined using is the K3 fibration map r on W\ oc . The Kahler 
form co\x , measured with the metric g cy \, is 0(e~ 2t ), as t — ► oo, but not 0(e~( 2+e ^) for any 
e > 0. As the (1, 0)-form <9r has a zero of order 1 at Wq, the vector field (dry is 0(l/r), as 
r — > 0, when measured in to the Kahler metric u)\x - Hence the real and imaginary parts 
of ((<9r) tt jfi)| x <> are 0(e~ t ) but not 0(e~ (1+e) ')in the metric g cyh 

Neither of the three self-dual forms spanning the L 2 -kernel of the Laplacian (and the 
L 2 -kernel of A) is in e~ 5t L p for 5 > 2. ' □ 



Corollary 5.39. If 1 < k — 4/p < 2 then the map \4-35\ has a one- dimensional kernel 
spanned by the Kahler form u\x> ■ 

Proof. It is not difficult to check that u)\ x > G E + WlVt + (X' Q ) C e~ St L p k Q + (X' Q ), for any 
K5<2but E Q + Wltt + (X' ). ' □ 

The next two lemmas determine the codimensions of the relevant W% spaces. 

Lemma 5.40. Ifl < k - 4/p < 2 then the codimension of W' P VL + (X' G ) in E + W' P VL + (X' Q ) 
is 41. 

Proof. If e ^ then \e 2t v e ^^cY \g cyl has a non-zero lower bound on an open subset of the 
cylindrical end, of the form R + x U' where U' is open in M 3 . So t> e ,L-iy?cy with e ^ is 
never in W p n+(X' ) if jfe - 4/p > 0. 

The form vo t L-i<fcY will be in W k VL + {X' Q ) with 1 < k — 4/p < 2 precisely if L leaves 
invariant the tangent cone of Xq at wq. This, in turn, will be the case if and only if the 
Zariski tangent space T Wo W\ oc of Xo is an invariant subspace of L and the restriction of L to 
T Wo W\ oc is up to a complex factor an element of SO (3, C) (so that L preserves the tangent 
cone (I4.26P ). We find that the subspace of endomorphisms in End T WQ M\ oc preserving the 
tangent cone has dimension 15. As the dimension of E is 7 + 49 the result follows. □ 

Lemma 5.41. Ifl < k — A/p < 2 then the codimension of Wl^Vft (X'^) flKerd in d(E Q ) + 
(W^ft 3 ^) nKerd) is 18. 

Proof. Recall from §3] that the space d(E ) + (W^_ 1 Q 3 (Xq) PlKer d) contains the restrictions 
to X' Q of all the smooth exact 3-forms on M\ oc . On the other hand, W^_ l fl 3 (X' ) is precisely 
the space of L p k _ x 3-forms on Xq with zero limit at Wq. Since X C W\ oc and the Zariski 
tangent space of X at wo is T Wo W\ oc the codimension of interest may be computed as 
dimA 3 T4H/ loc - dim(d(E ) C W^^)). 
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A calculation in the local complex coordinates on W\ oc near wq shows that 
d(i>e iL jy9 C y)| x / G Wl_ l VL z (X' Q ) holds precisely if d(v ejL j(p C Y)\w loc (wo) is the real or imagi- 
nary part of a (3, 0)-form on T WQ W\ oc . □ 

From Corollary 15.391 and Lemmas 15.401 15.411 and some straightforward linear algebra we 
find that Theorem 14.351 is equivalent to the following technical result on an asymptotically 
cylindrical 4-manifold (X' Q ,g cy \). 

Theorem I4.35l r . If 1 < k — A/p < 2 then the injective linear map 

A-.^e Wffi+iX^ ^#6 W^n^X^) n Kerd, (5.42) 
has a 22- dimensional cokernel. 

In the remainder of this section we prove Theorem 14.351 ' . Note that the injectivity of A 
follows from Proposition 15.381 Therefore, the dimension of Coker A is minus the Fredholm 
index of A. For the index computation, it is convenient to observe that the map A is 
equivalent to a component of an elliptic operator 

D : {f, VO G e~ St L p k (n° © n + )(X' ) -*df - e e^L^O 1 ^). (5.43) 

For any real 5, we write index_5 D to indicate that D is considered on the e _l5 *-weighted 
Sobolev spaces. A similar notation will be used for A and for the kernels and cokernels. 

Proposition 5.44. index.^A = index.^D for any 5 > 0. 

Proposition 15.441 will be deduced from the following. 

Lemma 5.45. If e > is sufficiently small then Coker_ e D = {0}. 



Proof of Proposition 5.44 assuming Lemma 5.45 For any 5 > 0, the cohomology of the 
weighted de Rham complex on X' Q 

e- St LlQ°(X>) S e - u Ii_ 1 a l (X' ) ± e- St Ll_ 2 Q 2 (X>) *> . . . (5.46) 

is isomorphic to the de Rham cohomology with compact support H*(X' Q ) \Me\ Propn. 6.13]. 
The formal L 2 -adjoint of (I5.46P is a complex of the e^-weighted spaces. The cohomology 
of the latter complex at the f2 m -term is isomorphic to the de Rham cohomology H i ~ m {X' () ). 

Recall from the proof of Proposition 15.381 that H®(Xq) = H\(Xq) = 0. So the exterior 
derivative maps e~ St L p k Q° ] (Xq) , for each 5 > 0, isomorphically onto the subspace of closed 
forms in e~ Si V^^Vt 1 (Xq) . Standard integration by parts argument of the Hodge theory for 
compact manifolds is valid for the exponentially decaying forms on Xq and shows that the 
spaces of 1-forms d{e~ &t L p k Q? (X' Q )) and d* (e~ St L p k tt + (X' Q )) are L 2 -orthogonal if 5 > 0. By 
Lemma [5.451 D is a surjective operator between e~ e *-weighted spaces for any small e > 0, 
so we obtain a decomposition 

e-*LUn\X> Q ) = d(e^Lln%X' ))®d*(e^Lln+(Xi)). 

For an arbitrary 5 > we can write any £ G e _l5 'L^_ 1 f2 1 (XQ) as £ = d£o + *d(,+ where 
£ + G e~ £t L p k Vl + (X' ) for some small e > but £ £ e ~ 5 '-^fc^°(^o) ( as explained above). 
Therefore, the image of D on the e _<5t -weighted spaces is complemented by <i*-closed forms 
and the proposition follows. □ 
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For the proof of Lemma \5 .451 we need to recall from [LMJ or [MeJ some Fredholm theory 
for elliptic operators on asymptotically cylindrical Riemannian manifolds. Let A+ T*(R >0 x 
RP 3 ) denote the bundle of self-dual forms with respect to the metric dt 3 +gs, the asymptotic 
model of g cy \. A point-wise orthogonal projection, relative to dt 3 + g%, o : A + T*(R>o x 
RP 3 ) — > A+T*(R>o x MP 3 ) defines a bundle isomorphism asymptotic to the identity as 
t — > oo. The coefficients of D are determined by the metric g cy \ and D is asymptotic, on 
the end of X' Q , to an operator o (1 © a), where D m is given by the same formula as 
in (I5.43P but using the product cylindrical metric dt 3 + g^ rather than g cy \. The coefficients 
of the operator onRx MP 3 are independent of t. 

Proposition 5.47. (i) The elliptic operator D between e~ xt -weighted Sobolev spaces, is 
Fredholm if and only if d(X) = 0, where 

d(X) = dim{e~~ xt p(t, y) | p(t,y) is polynomial in t and D oc (e~ xt p(y,t)) = 0}. (5.48) 

The set {5 G R : d(5) ^ 0} is discrete in R. 

(ii) The index of D is independent ofp, k but depends on the weight parameter X according 
to the formula 

index.y/ D - index^ D — ^ d(X) (5.49) 

5'<A<<5" 

for any 5' < 5" such that d{8') ^ 0, d{5") ^ 0. 

(Hi) The kernel of D consists of smooth forms and is independent ofp,k. The cokernel 
of D can be identified with the kernel of the formal L? '-adjoint of D with respect to g cy \, 

D* = d*®d + : e*L p k _ x Sl\X' Q ) -> e 5t L p k (Q° © n + )(X' ). 

In particular, dimCoker_AP = dimKerAP* if d(X) = 0. 

Proposition 15.471 is a direct application of [LMj or [Mej . In the case of D we don't need 
to worry about the possibility of A G C \ R with d(X) ^ 0, as we shall see in a moment. 



Proof of Lemma 5.45 The operator can be expressed, using some vector bundle iso- 
morphisms, as d t + D^ 3 ' where is a formally self-adjoint operator on RP 3 whose square 
is the Laplacian on (O © fi^RP 3 ) (cf. e.g. [MMRl pp. 132-134]). This yields d(0) = 1. 
Therefore, D is a Fredholm operator on e~ £t - and on e e< -weighted spaces whenever e > 
is sufficiently small. Furthermore, for a small e > 0, we obtain 

dimKer_ £ D = 3, dimKer_ £ D* = 

by the Hodge theory arguments as in the proof of Proposition 15.381 using also the relation 
DD* = dd* + \d*d. On the other hand, 

index e D — index _ e D = 1, 

by (15.491) . whence 

dim_ e Coker D + dim e Ker D = 4. 

by Proposition l5.47T iii). But dim £ KerP > 1 + dim_ £ KerP = 4 as the e e *P|-kernel 
contains the constants, so Coker_ e P = {0}. □ 
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The next result is proved by Lotay |Lo3j and is essentially the stability property for 
the coassociative cones defined by complex cones biholomorphic to Cq. Clause (i) will be 
needed for the C 1 '"-regularity claim in the next section. 

Proposition 5.50 (J. D. Lotay). Let D be the elliptic operator defined in (15.431) over a 
K3 orbifold X and let d(X) be as defined in (15.481) . Then 

(i) any < A < such that d(X) ^ is an integer; 

fa) 5^o<a<5 = 25, for some 3 < 5 < 4. 

Theorem 14.351 ' follows from Proposition 15.501 by dimension counting. For if 3 < 5 < 4 
then using (I5.49j) . Propositions 15.38 1 and 15.44"! and Proposition I5.50( ii) we obtain d(5) ^ 
and 

dim Coker_5 A = — index_,5 A = — index_5 D = d(\) — 3 = 22 

0<A<5 

as required. 

Remarks on Proposition 15. 5 (A The conformal factor at the Hodge star in (I5.43P is 
precisely the inverse of the conformal weight of 1-forms. Therefore, the operator D and its 
asymptotic model are conformally invariant and can be interchangeably considered on 
Xq with the Kahler metric oo\x' ■ 

The asymptotic model for the cylindrical end of X' corresponds to the cone Cq in 
T WO W\ OC = C 3 defined by (I4.26P and the asymptotic model for g cy \ is conformally equivalent 
to the Kahler metric dr 2 + r 2 g 3 on Co induced by restricting from T m Wi oc a Hermitian 
inner product defined by uj(wo). The kernel elements of contributing to the dimensions 
d(X) are expressed on C as pairs 

(r x p (\ogr,y),r x - 2 p + (\ogr,y) E (0° © ft + )(C \ {0}), (5.51) 

where a 0-form p and a self-dual form p + are polynomial in logr and smooth in y G 1RP 3 . 
As noted earlier, the conformal rescaling produces an extra factor r~ 2 for the self-dual 
forms in (15.511) . 

For a Kahler surface Cq \ {0}, there is a commutative diagram, cf. \FM\ §4.3.3], 



(5.52) 



where Q° in the bottom row denotes the complex-valued 0-forms, i is the inclusion map, 
j(a) = —ia.uJco is the contraction with the Kahler form and the inverses of 7r p,q map the 
respective complex vector space to its underlying real vector space. 
Suppose that 

2df + B*ij = (5.53) 
and that (/, ip) G © Q 0,2 is obtained from (15.511) for some A > via the left column 
of (I5.52p . Then since Re / has degree r A , whereas Im/ and ip both have degree r x ~ 2 we 
deduce that Re / = 0. 
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If (/, ip) is a solution of (15.531) then, writing ip = aduiAdu 2 , applying, respectively, d and 
d* to the equation we deduce that d*df = and d*da = 0, that is, / and a are harmonic 
functions on Co- Therefore, / and a each factorize as r x G(y) (we omit the details but 
cf. |Jo4j. Propn. 2.4]). A function r x ~ 2 G(y) is harmonic if and only if G if an eigenfunction 
of the Laplacian on the link KLP 3 = {r = 1} of the singularity of Co- The eigenvalue of G 
is then A(A — 2) and must be non-negative, therefore there are no solutions f,ip to (I5.53P 
of the form f[5T5Tj) with < A < 2. 

The harmonic (0, 2)-form ip may be written in the uniformizing coordinates as if> = 
a dili A du 2 , for some harmonic complex function a. Note that du\ A du 2 is homogeneous 
of degree —1 in r and so a factorizes as r x ~ x G(y). 

If we assume that both / and a are homogeneous polynomials of even degree in U\,U2, U\,U2 
then solving f 1 5 . 5 3 j) with 2 < A < 4 in this case becomes an elementary calculation. We 
obtain that Im/ must be a constant if A = 2 and a harmonic homogeneous quadratic 
polynomial if A = 3. This contributes one real dimension to d(2) and 6 real dimensions 
to d(3) as a polynomial h can be found to satisfy (j5.53j) . But h then is determined up 
to an anti-holomorphic homogeneous polynomial of Ui,v,2 of degree 2A — 2. This con- 
tributes further 4A — 2 real dimensions to d(X). We thus find that d(l) > 2, d{2) > 7, 
and d(3) > 16. Proposition 15.501 in this context, asserts that these are all the solutions 
of (I5.53P for < A < 3 and the above estimates for c?(A)'s are in fact equalities. 

6. Perturbing the singular fibres 

We can now deduce Theorem A. 

Theorem A. Let M be a compact 7-manifold with a smooth one-parameter family of 
G2-structures given by closed 3-forms ifiT G £1%(M), T > To, defined by the generalized 
connected sum construction in £0 Let tj- : M —>■ S 3 , be a coassociative K3 fibration, with 
respect to ifx, defined in Theorem \2.23\ Suppose that (p? + drjT, is a smooth family of 
torsion-free G2-structures on M , such that ||??t||x p < K vk e~ XT for each p > 1, k > 0. 

k 

Then there exists T\ and for any T > T\ and < s < 1 a C la vector field Vt, s 
on M, smooth away from the singular fibres of tt and satisfying ||ut,s||l p < K p ^se~ XT 
and HfT^Hc 1 < Kse~ XT , with support of v contained in a neighbourhood U of the singu- 
lar fibres of tt, and such that ip + sdrjT vanishes on every singular fibre of the perturbed 
fibration oexp~J : M — ■> S 3 . The neighbourhood U may be chosen not to meet the neck 
ofM, i.e. U C (Wi(0) x^U W 2 (0) x S 1 ). 

Theorem A will be deduced by building up on the analysis of the previous two sections. 
The orbifold fibres of are parameterized by finitely many disjoint circles. It will suffice 
to restrict attention to one such S^-family. We assume the notation M loc = W\ oc x S 1 , 
ipcY € ^+(^ioc), T = t t, A C W\ oc , Xq = Xq \ {w }, and the radial coordinate r on X' , 
as in §H For each 9 G S 1 , define a finite-dimensional space of smooth vector fields 

E e = {v e , L \x' x{e} ■ e G T {wo>0) (Wi oc x {9})}, 
with v e> i as defined in Theorem 14.351 
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Theorem 6.54. Suppose that 1 < k — 4/p < 2. Then there exists Eq > such that for 
each i] G Q 2 (M[ oc ) with \\dr]\\ c i^ Mloc -j < e and 9 G S 1 there is a unique vector field along 
X' Q x {9}, v(r],9) G Eg + W%N(x'x{0})/M ioc ; with the following properties: 

(i) v(0, 9) = and v depends smoothly on rj and 9, 

(ii) ipcY + dr] vanishes on exp^m (Xq x {9}). 

(in) the vector field v(j], •) on Xq x S 1 is the restriction of some C 1,a vector field v{rf) 
on M\ oc smooth away from X x S 1 , such that \\v(jj)\\jj> < C Pt k\\dr)\\ L p 

Theorem A is a consequence of Theorem 16.541 Choose T\ so that the C 1 norm of drjx, for 
T > Ti, is smaller than Eq given by Theorem 16.541 for each S^-family of the singular fibres 
of Tj>. Further increasing T\ if necessary, we can ensure that the vector field v(rj) can be 
chosen with compact support contained in M\ oc and with a small C 1 -norm so that exp^^ 
is a diffeomorphism. Let U be the union of the neighbourhoods M\ oc for all ^-families of 
the singular fibres of r. The vector field vt. s required in Theorem A is then obtained by 
putting rj = s dr] T and extending the v{rj) by zero on M \ U. 

In the rest of this section we prove Theorem 16.541 

The proof is based on an application of the Implicit Function Theorem in Banach spaces 
to a 'parametric version' of McLean's map for the family Xq x S* 1 of coassociative K3 
orbifolds 

F : (v, 77, 9) G (E + W p k N x y Ml J x Q 2 (M loc ) x S 1 - 

exp:(if CY + Rldrj)\ x , o G d{E j<pc Y ) + (Wk-i&Wo) n Ker ( 6 - 55 ) 

where Rg : W\ QC x S 1 — > W\ oc x S 1 denotes an isometry given by the translations by 9 on 
the S 1 factor (here we exploited the S^-symmetry to make the Banach space of self-dual 
forms independent of 9) . A choice of Banach space for r\ is not particularly important here 
as long as it controls e.g. the C 3 norm. We need the following. 

Proposition 6.56. The map F defined in 1 6. 551 is a smooth map of Banach spaces at any 
(v,r],9) with sufficiently small \\v\\ in E + W%N X ' /m 1oc - 

Proof. The map F is linear in rj and has an equivariant property 

F(v, V ,9) = F(v,R* eV ,0). (6.57) 

Therefore, F is smooth in rj, 9 and it remains to show that F is smooth in v. 

A related argument was carried out by Baier in |Ba[ Theorem 2.2.15], see also [J51 
Theorem 2.5]. We may disregard a finite-dimensional component Eq and pretend that 
v G W%Nx[)/m 1oc C C 1 A^x^/Af loc , so v has a point-wise estimate \v\ < er near wo for any 
e > (in the metric g((pcY))- By Proposition I4.29[ the Riemannian exponential map is a 
diffeomorphism between a neighbourhood of the zero section of Nx< q /m 1oc and a neighbour- 
hood of X' in Mi oc of the form U e = iJ xe x' a B x {er) for some e > 0. Denote by (p G fl 3 (U e ) 
the pull-back of <pcY + Rgdrj via this diffeomorphism. Then F, as a function of v, becomes 
equivalent to 

v g wlNx> /Mloc - v*v e wT^n 3 ^), 
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for v with sufficiently small in the W% norm. Use a uniformizing coordinate neighbourhood 
of Wq in X' Q and a finite open cover of the compact complement by coordinate neighbour- 
hoods and the respective local trivializations of Nx' /M\ oc to obtain local expressions for v. 
The pull-back v*(p of a given smooth 3-form is then expressed a cubic polynomial in the par- 
tial derivatives of v with coefficients smoothly depending on v. The reader now should have 
no difficulty to check the smoothness of F using standard results on Sobolev spaces. □ 

The first partial derivative D v F(0, 0, 9) is a composition of the bundle isometry v i— ► 
vjifcY and the restriction of the exterior derivative operator (I4.36P to a complement of 
its kernel. By Theorem 14.351 D v F(0, 0, 6) maps E © W^Nx^/m 1oc isomorphically onto the 
image of F. Therefore, the implicit function theorem in Banach spaces applies to F and 
gives for each 9 <E S 1 a. unique smooth family of fields v (r), 6) in Eq(BW% Nx' /M ioc , f° r small 
\\dr]\\ and \9 — 9 \, satisfying v(0,9) = and F(ip(r),9),r),9) = 0. By the compactness of S 1 
and the uniqueness of the local solutions v(rj, 9), a finite number of these solutions can be 
patched together to define a vector field (dRg) v(rj, 6) on X' x S 1 , for all \\drj\\ < e, where 
e is the smallest of the finitely many upper bounds coming from the local constructions. 

This completes the proof of clauses (i) and (ii) of the theorem and it remains to establish 
the regularity clause (iii). 

The interior regularity. We show that the vector fields v(rj, 9) defined above are smooth 
on Xq. In general, a (ipcY + <i?7)-coassociative submanifold need not be calibrated, so it 
is not quite sufficient to fall back on the traditional argument for minimal submanifolds. 
If v — Vq + v i G E + WJ! Nx> /jw 1oc is a solution of F(v, r], 9) — for some rj, 6 then v is 
smooth and the equation satisfied by v± can be written in the form 

F + Gv x + Q( Vl ) = 0. (6.58) 

Here Gv\ = d(vi_i(ipcY + drj)) and F = Rgdr]\x' + Gv is a smooth 3-form on Xq. It follows 
from the proof of Proposition 16.561 that the remainder Q is a cubic polynomial in the first 
derivatives of t>i with coefficients smoothly depending on v\. To deal with this non-linearity 
note first that v\ G W^Nx^/M ioc -, with k — 4/p > 1, thus in C 1,Q , a > 0. Then the first factor 
in each term (Vwi)® n ® Vfi can be considered as a first order linear differential operator 
with Holder continuous coefficients acting on the second term. If HfiHc 1 is sufficiently 
small then the sum of the latter linear operator and G is again an overdetermined-elliptic 
operator, so we still have the standard local regularity estimates [ADNj . As v\ is already 
in C 1,a we can apply the usual bootstrapping to show that V\, and hence also v, is smooth. 
Then (dR e ) {v{v, 0)) defines a C°° vector field on X^x S l . 

Remark. If the 4-form *ip CY +dr)(¥>CY + drj) is closed then v(rj,9) defines a calibrated sub- 
manifold and is real analytic. This is a consequence of a general property of minimal 
submanifolds of a Ricci-flat (hence real analytic [DK] ) Riemannian manifold. 

C 1 ' -regularity at X x S 1 . The normal bundle Nx' /m 1oc is trivial and W% sections are 
C l,a and vanish at wq together with first derivatives when k — A/p > 1. Multiplying by 
a smooth cut-off function which is equal to 1 on X x S 1 we obtain an extension of a L p k 
field of normal vectors to a vector field supported on a compact neighbourhood of X x S 1 
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on M\ oc . It is clear that such an extension is smooth except at points of X x S 1 where it 
is C 1,a . It is easy to see that a W^Nx' /m Xoc section v(rj,9) has an extension to M loc with 
the same properties as an Eq component is, by construction, the restriction to Xq x S 1 of 
some smooth vector field on M\ oc . 

If v (rj) has a sufficiently small L^-norm on Xq x pt, then we can achieve estimates 
\\ v (v) I|l p (m 1oc ) II < const \\v(r), OIIl^x/jxs 1 )) with constants independent of v. The estimates 
\\v(r], 9)\\ P; k < const Hc^Hp^ follow by differentiating the identity F(ip(r], 9),r), 6) = in r], 6 
and taking account of the symmetry of F in 9 G S 1 . If ||dry||ci is small then exp^ is a 
well-defined diffeomorphism of M\ oc satisfying the assertions of Theorem 16.541 

7. A NEIGHBOURHOOD OF THE SINGULAR FIBRES 

In this section we prove Theorem B and thus complete the proof of the Main Theorem. 

Theorem B. Let M be a compact 7-manifold with a smooth one-parameter family of 
Gi-structures given by closed 3-forms ^>t £ &%(M), T > T\, defined by the generalized 
connected sum construction in £0 Let : M — > S 3 for T > 7\ be a coassociative K3 
fibration map defined in Theorem \2.23[ 

Then there exists e > so that if T > T\ and an exact form drj e Q 3 (M) vanishes on 
every singular fibre of tt and ||rf?7||c (M) < e , relative to the metric g(ifj<), then there is a 
unique smooth vector field Vt(t]) on M such that: 

(i) vt vanishes on the singular fibres of tt and is point-wise orthogonal to each smooth 
fibre X of tt and vt->^Pt\x is L 2 -orthogonal to the harmonic self- dual forms on X relative 
to the metric g{(pr)\xi 

(ii) Vt(t)) depends smoothly on T and dr) and \\vtWc 1 = 0(\\dr]\\ c i) ; 
(Hi) (fx + dr] vanishes on the fibres of tt o expr, , . 

The main technical issue in the proof of Theorem B is to establish certain uniform 
estimates for families of smooth fibres of tt in a neighbourhood of the singular fibres. 
We use the notation of JgJ M loc = W ioc x S 1 C M, (p CY e fi+(Mi oc ), X C Wi oc , X = 
X \ {wo}, and 'holomorphic Morse coordinates' (zi,z 2 ,z 3 ) near w . For a e C, let 
X a 2 c Wi oc denote the fibre of tt which is expressed near w by the equation zf+z^+z^ = a 2 
Let X a 2 d = X a 2 x {9} C W\ oc x S* 1 and, as before, identify X a 2 = X a 2 , for a marked point 
G S 1 . The fibre X a 2 d is well-defined for any small \a\, say \a\ < p, and is non-singular 
for a 7^ 0. Throughout this section any X a 2 e is considered with the metric g a 2 induced 
by restriction of g{^cy) unless stated otherwise. For each compact smooth coassociative 
submanifold X C M, define a decomposition 

LI{N x/ m) = T\N X/M ) © r ± (iV x/ M) P , fe , 

where 

T h {N x ,m) = {ve T{N x ,m) I (v^t) e H + (X)}, 
T ± (iV x/M ) = {v e T(N X/M ) | (v^ T )UiH + (X)}, 
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and T ± (N x /M) P ,k means the completion of T^-^Nx/m) in the L p k norm (as before, we require 
1 < k — 4/p < 2). Denote 

y = { v g n 2 (M loc ) | dr/U , e = for each 9 G S 1 }. 

The proof of Theorem B builds up on the following. 

Proposition 7.59. There is an Eq > so that whenever 77 G V and H^HcHMoc) < £ o ^ e 
following holds. For each < \a\ < p and 9 G S 1 there is a unique smooth v = v a 2 9 (r)) G 
r J -(A^x a2 /M loc ) s^c^ ^a 2 ,e(0) — 0, v a 2 e {ri) depends smoothly on r\, and ip C Y + dr] 
vanishes on the submanifold exp v 2 ^(X a 2 ). 

For a fixed 77 G V un£/i IM^Hc^Mioc) < ^ e family v a i B {j]), for < \a\ < p, 9 G S 1 
extended by zero over X ^, defines a vector field v{rj) which is C 1 on a neighbourhood M\ oc 
of X x S l and smooth on M loc \ X x S 1 . Furthermore, \\v(rj) ||ci(Mi DC ) < ^H^HcHm^), 
/or some constant K independent ofrj. 

Proof. For each a ^ 0, 6 S 1 we want to obtain r a 2 0(77) as r>(0,77), where v(j3,r]) is the 
solution to implicit function problem F(v(/3,rj), /?, 77) = for the extended McLean's map 
for X a 2 i6 

F : (v, (3, 77) G ^(iV^y^J^ © T h (N Xa2 e/Ml J © y - 

ex P : +/3 (^ cy + ^)| Xo2 fl G L^O 3 ^) n Ker d, (7.60) 

where k— 4/p > 1 we use the completion in the C 3 norm for rj G V. That F is a smooth map 
between the indicated Banach spaces follows by the argument of Proposition 16.561 up to a 
change of notation. We have F(0, 0, 0) = and the derivative (F>„F)o,o,o w = d(vj(pcY)\x 2 e 
is an isomorphism of Banach spaces by standard Hodge theory as H 3 (X a 2 8 , R) = for a 
K3 surface X a 2 d . 

The implicit function theorem in Banach spaces gives a unique family of sections v(/3, rj), 
with v(0,0) = 0, defined for max{|/3|, H^Hc 1 ^ 2 „)} < $ sa y' ^°ut this 5 may in general 
depend on a. (We can choose 5 independent of 9 by the S^-symmetry of (Pcy-) To keep 
track of the relation between constants appearing in the estimates we use. 

Proposition 7.61 (Implicit function theorem in Banach spaces). Suppose that a smooth 
map f : E = E\ © E2 — * F between Banach spaces has an expansion 

= (Di/(o,o))6 + p2/(o,o))6 + g(6,6), 

so that A = Dif(0, 0) : E\ — > F is an isomorphism of Banach spaces and for £, ( G E, 

U- X Q{Z)- a- x Q{Q\\ <c(||eil + ||CII)lie-CII, 

for some constant C . Then there exists a uniquely determined smooth function <p : B 2i s — * 
Bi s, <f(0) = 0, where B it s = G E; t : ||^j|| < 5} with 5 = (4C)~ l , so that all zeros of f in 
Bi,s x B 2: s are of the form (<£>(£ 2 ),6)- 

The proof of Proposition 17.611 is a standard application of the contraction mapping 
principle. 
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We require a lower bound on the linearization (D 1 F) in v and an upper bound on the 
quadratic remainder for F so that the constant (4C) _1 in Proposition 17.611 for the map F 
on a manifold X a 2 is greater than the norm of dr]\x 2g f° r an y sufficiently small \a\ ^ 0. 
As noted above, the estimates on X a 2 t g, can be taken independent of 9 G S 1 . 

We begin with the linear part. 

Proposition 7.62. There exists a p > such that for any v G T ± (Nx 2 /M loc )p,fc with 
< \a\ < p, 

\\v\\ P ,k < C P}k \\d(vj(fcY)\x a2 J\ P ,k-i 
with a constant C Py k independent of v or a. 

Proof. Since the linear map and the norms are symmetric in 9 we drop 9 from the notation. 
Consider a sphere \z\ = |a| 1//2 in the coordinate neighbourhood of wq in W\ oc , where \z\ 2 = 
Yfj=i \ z j\ 2 - If l a l * s sufficiently small then this sphere intersects X a 2 and we can write 
X a 2 = I" 2 Ul + 2 , where X~ 2 = X a 2 < (a) 1 / 2 } and X+ 2 = X a 2 n{\z\ < 2\a\ 1/2 } are two 

open submanifolds of X a 2 . As a — > the metric on X~ 2 is asymptotic in C°° to the metric 
on Xq \ {|z| < |a| 1//2 }. The other piece Xj^ with metric rescaled by a constant factor \a\ 
is asymptotic in C°° to a complex surface S = {X/?=i z | = 1> l z l < l a l) m ^ 3 with the 
metric on £ induced by a Hermitian inner product on T m W\ oc = C 3 defined by the Kahler 
form u(wq). 

The decomposition X a 2 = X~ 2 U X^ 2 can be thought of as a generalized connected sum 
Aq^rpsS of two manifolds taken at their ends IR>o x RP 3 . The metric g a 2 on the connected 
sum X a is C°° asymptotic to a metric smoothly interpolating between metrics on compact 
subsets of Xq and S. 

A family of Riemannian 4- manifolds (X a 2,g a 2) is an instance of the gluing construction 
studied in \KS\ §2]. The estimate that we are interested in is equivalent to a lower bound 
on the operator 

d: L p k Q + (X a 2) ^L^ 3 (X a2 ). (7.63) 

The 'main estimate' proved in |KSl § 4.1] deals with the invertibility of an elliptic dif- 
ferential operator on a generalized connected sum, as above, when the coefficients of this 
operator are obtained by gluing the coefficients of Fredholm elliptic operators on the two 
manifolds with cylindrical ends. The result, in particular, asserts a uniform lower bound 
on a subspace of finite codimension in the L p k domain on a connected sum. Inspection 
of the proof of this uniform lower bound shows that it remains valid for the overdeter- 
mined elliptic operator (I7.63P on (X a 2,g a 2) provided that the L 2 kernels of the respective 
exterior derivatives on self-dual forms on X' Q and E are finite-dimensional. Then the op- 
erator (17.631) admits a lower bound, independent of a as a — > 0, on the complement of 
a finite-dimensional subspace in L P ,Q + (X a 2). The dimension of this space is the sum of 
dimensions of the spaces of closed self-dual L 2 forms on X' and S. 

These latter spaces are contained in the L 2 kernels of the Laplacian on self-dual forms 
on X' Q and E. The dimensions can be computed in the asymptotically cylindrical metrics 
in the conformal class of X' Q and E as the L 2 norm of 2-forms is conformally invariant 
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in dimension 4. Recall from Proposition 15.381 that the L 2 kernel is 3- dimensional for 
Q + (Xq). The 4- manifold £ is diffeomorphic to the total space of the tangent bundle TS 2 , 
so = and the same argument as in Proposition 15.381 shows that the Laplacian on 

L^f2 + (E) is injective. Thus the uniform lower bound for (17. 63ft holds on the complement of 
a 3-dimensional subspace in Q + (X a 2). It is a posteriori clear that this 3-dimensional space 
can be taken to be TL + (X a 2). □ 

The argument of Proposition 16.561 shows that the non-linear remainder Q of the map F 
consists of polynomial terms in Vv with coefficients smooth in v. This easily gives an upper 
bound on Q independent of a, 9 for small \a\. Therefore, by Propositions 17.611 and I7T621 
there is an e > independent of a, 9 so that if rj G fl 2 (M[ oc ) satisfies ||rf^|x o2 ,ellc 1 (^ : a 2 g ) < 6 
then the implicit function theorem defines sections v(0, rj) of Nx 2 /m 1oc f° r every small \a\. 

The metric on the submanifold X a 2 d is independent of 9 G S* 1 and in the next result we 
once again drop 9 from the notation. It will be convenient to use Holder norms commen- 
surable with the L p k norms that we required. 

Proposition 7.64. For each X a 2 with a ^ 0, we have 

\\dv\x a2 \\c^(x a2 ) < Afe, Q |M77|| c i, a( Mi oc )|a| 1_a , < a < 1, 
with a constant Afc, Q independent of rj or a. 

Estimates similar to that in Proposition 17.641 are proved in [Jo6] and [Lo2] . In the 
present situation, we have an explicit algebraic local model for the submanifolds X a 2 near 
the singular point of Xq and some details are simplified. 

Proof. Recall from the proof of Proposition 17.621 the decomposition X a 2 = X~ 2 U X^ 2 as 
a generalized connected sum and denote by (drj)^ the restrictions of dr\ to the respective 
pieces X^ 2 C X a 2. Recall also that X~ 2 is diffeomorphic to X \ {\z\ < |a| 1//2 }. As 
X' a2 — Xq \ {\z\ < |a| 1//2 } is compact and non-singular, its injectivity radius of is bounded 
away from zero, furthermore, it is not difficult to check that the injectivity radius is 0(|a|, 
as \a\ — ► 0. We deduce that for \a\ sufficiently small, each X~ 2 is a well-defined deformation 
of X' a2 defined by a section v a 2 of the normal bundle of the latter submanifold, using the 
exponential map for g((pcnr)- The v a 2 depends smoothly on a and vanishes when 
a = 0. As dr] is smooth and vanishes on X and the metric on X~ 2 converges in C°° to the 
metric on X' , we find that the C k norm of {drj)~ is a smooth function of a. This function 
vanishes at a = 0, hence is bounded by a constant multiple of ||c??7|| C fe( Mloc )|a|. 

The form (dr/) + is defined on a coordinate neighbourhood {\z\ < H 1 / 2 } x S 1 of wq in 
M\ oc . We may assume, by rescaling z G C 3 if necessary, that the matrix of the inner 
product defined by g{^cy) on T WO W\ OC has determinant 1. The metric g(fcy) on the 
coordinate neighbourhood may be written as go + O ( | ^ | ) , where go denotes the value of 
g(ipcy) at w and is estimated independently of 9. A similar local expansion is valid 

for the derivatives of g(<pcy)- 

The parameterizations of local submanifolds X^ 2 may be taken to be homogeneous of 
order 1 in a. The coefficients of the k-th derivatives of induced metric g(X\) on X^ 2 
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then have a local extension with the leading term homogeneous of order 2 — k in a and 
a remainder 0(|a| 3_fc ) as a — > (o?# vanishes on each X a). The difference between the 
restriction of the Levi-Civita connection of g(ipcy) on the ambient M\ oc to X^ 2 and the 
Levi-Civita connection of the metric g(X\) induced by g(<fcy) ° n X a 2 is determined by 
second fundamental form of g(X %)■ Recall that for a submanifold defined by submersion 
tt the second fundamental form is the quotient of the Hessian of tt and the gradient of tt- 
Thus its point-wise norm has leading term homogeneous of order measured by 

g{X\). As drj vanishes on X , this 2- form vanishes on T TOo Wi oc , the Zariski tangent space 
of X at wo, so the coefficients of dr)\w loc have zeros of order two at wo and the covariant 
derivative has zero of order one. It follows that for < \a\ < p with sufficiently small p, 
the C 1,Q norm of drj\ x + measured using the Levi-Civita of g{X+ 2 ) is 0{\\drj\\ C k^ Mlo ^ |a| 1_a ). 

As ll*7kJ|c*(x n a) ^ max {\\ d V~\x- \\cHx- )' \\ d V + \x+ || C fc(x+)} tne P ro P ositionis P roved - 

□ 

The local deformation exp^ ^X^ ^) is well-defined if v(/3,rj) is small in the uniform 
norm so that the tubular neighbourhood theorem is applicable to X a 2 d . It is not difficult 
to see that, for any small a, a suitable neighbourhood of the zero section of Nx 2 e /M loc is 
\\v\\co < S\ \a\, for a sufficiently small constant e\ > independent of a. 

For a small dr\ we can estimate on X a 2 t g, \\v(0,r})\\ = O(\\(D 2 v) fi\\ \\drj\x 2 ||). As 

(A^)o,o = (^1^)0,0,0(^3^)0,0,0 this gives 

\\v(0, V )\\ CHXa2g) = O(\a\), a^O, (7.65) 

using Proposition 17.621 and Lemma 17.641 In particular, for a sufficiently small drj the 
deformations exp v ^ Q ^(X a 2 e ) are well-defined for every small \a\. 

The regularity results for the coassociative submanifolds [HL] imply that v(f3,rj) is a 
smooth section over X a 2 d) as v((3,rj) is already in C 1 . By construction, exp v rp >TI \(X a 2 t o) co- 
incides with exp^Q^^exp^Q^X^^)). Therefore, the local families v((3,r)) can be patched 
together to define a smooth vector field v (77) on (U <| a |<pX a 2) x S* 1 , for some p > 0. This 
vector field has a Lipschitz continuous extension by zero over 1^51 Xq^. 

Differentiating the identity F(v((3, rj) , (3, rj) = in (3 at /3 = we find that the derivative 
of v (77) in the directions orthogonal to the fibres X a 2 i6) satisfies 

(-Di-F^o^o.r^-Di^o,?? + (D 2 F) v ( 0iV -) i0tV = 0. 

Using explicit expressions for the derivatives of F and the vanishing of <pcy on X a 2 we 
obtain 

d(((D 1 v) QjV (3)jpcY)\ x o = -d{(3jdr])\ . 
The operator ^(•-iV 9 cy)|x o2 9 i s bounded below independent of a by Proposition 17.621 and 
we deduce that || (£>iu)o,i, ||oo(x e a i9 ) < ^ll rf? 7llci(M loc ), a 7^ 0. 

We adapt the same method to show that v(r)) is continuously differentiable at any point 
in X x S 1 . Differentiating the identity F(v((3, rj), (3, rf) = in (3 at (3 = we find that the 
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derivative of v(rj) in the directions orthogonal to the fibres X a a q satisfies 

(Din 

The self-dual harmonic forms on X a 2 d are spanned by the Kahler form u\x 2 and the real 
and imaginary parts of the (2, 0)-form (dryj^l induced by the Calabi-Yau structure (u>, Cl) 
on W\ oc x {9}. The definition of T h (N Xa2 9 /m) therefore can be extended to the smooth 
subset Xq 8 C Xo t g. The resulting T h (N X ' o /m) can be thought of as a limit of T h (Nx a2 6 /m) 
as a — > 0, in the sense that the 4-manifold X' oe is diffeomorphic to an open subset of 
X a 2 g and the metric on X' oe is a Coo limit of the metrics on this subset. Using explicit 
expressions for the derivatives of F and taking the limit as a — ► we obtain 

d(((D 1 v)o, ri l3)j<pcY)\ yl = -d(P-idri)\ x , 

The operator d(-jipcY)\x' oe is injective on Y ± {Nx l e /Mi oc )- Applying a left inverse we deter- 
mine (Div)o tV at any point in X' e . This shows the continuity of (Div)q jV away from critical 
point of tt- The estimate (I7.65P shows that the derivative of v(rj) is Lipschitz continuous 
at each point in wqX S 1 , thus v(jj) is C 1 -regular on all of M\ oc . The higher order derivatives 
of v(rj) can be handled by a similar method but the expressions become cumbersome; we 
omit the details. 

We estimated the 'intrinsic' first derivatives of v(rj) on X a 2 9 and in the transverse direc- 
tions by ||^||c7i(Afi oc )- To obtain the desired estimate of the C 1 norm of v(rj) on M loc we re- 
call that the second fundamental form of X a 2 9 is Odaj" 1 ), as a — > 0, near the critical points 
of tt and bounded on the complement of a neighbourhood of the critical points. It follows 
that IMIcha/ioc) = ^(ll^llc^Mioc))- This completes the proof of Proposition 17.591 □ 

The singular fibres of tt occur in finitely many S^-families. Applying Proposition 17.591 
to each 5' 1 -family we obtain for any rj e Q 2 (Mi oc ) with small Hdr/Hci a vector field vt(v) 
satisfying the assertions of Theorem B except that vt{v) is only defined on a neighbourhood 
U of the singular fibres of tt- 

The implicit function argument for the extended McLean's map F(v,/3,r]) as in f)7.60p 
for a fibre X of tt in M \ U gives a uniquely determined smooth local family v(f3,r)) of 
sections in T^-^Nx/m), so that v(0, 0) = and v?t + dr\ vanishes on exp^ ^ (X) . 

The estimates on v(/3,7]) are similar to those in Proposition I7.59I but easier as the cur- 
vature of the fibres in M\ U is bounded independent of the fibre. The complement M\ U 
is a family of non-singular fibres of tt- Recall from §2] that the metric on each of these 
fibres is up to a small deformation a metric in a compact closure of the finite-dimensional 
family of metrics on the fibres of holomorphic fibrations j = 1,2, restricted to the 
asymptotically cylindrical ends of Wj. The deformation is bounded, independent of T or 
the fibre, in C k norm for each k. It follows that the lower bound on (-Di-F)o,o,o an d the 
upper bound on the quadratic remainder can be taken independent of X C M\ U. Then 
the sections v(/3,r)) are defined for Hg^/Hc^m) < e where e can be taken independent of T 
or the fibre X. 



32 



A. KOVALEV 



Using once again the property that for a fixed (3 the sections v(/3, if) define deformations 
of exp v (p j0 -)(X), a fibre near X, we obtain that v(@, rf) induces a vector field satisfying the 
assertions of Theorem B except that it is only defined on an open neighbourhood of X 
in M. The vector fields obtained from v(/3, i]) for different X agree on the overlaps of their 
domains by the uniqueness part of the implicit function theorem. As M \ U is compact an 
extension of v(rj) from U to M is obtained by patching with a finite number of these local 
vector fields. 
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